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============

In sparse information processing, one of the central problems is to recover a sparse solution of an underdetermined linear system, such as visual coding \[[@CR1]\], matrix completion \[[@CR2]\], source localization \[[@CR3]\], and face recognition \[[@CR4]\]. That is, letting *A* be an underdetermined matrix of size $\documentclass[12pt]{minimal}
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                \begin{document}$\Vert x \Vert _{0}$\end{document}$ indicates the number of nonzero elements of *x*.

Furthermore, a natural extension of single measurement vector is the joint sparse recovery problem, also known as the multiple measurement vector (MMV) problem, which arises naturally in source localization \[[@CR3]\], neuromagnetic imaging \[[@CR5]\], and equalization of sparse-communication channels \[[@CR6]\]. Instead of a single measurement *b*, we are given a set of *r* measurements, $$\documentclass[12pt]{minimal}
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                \begin{document} $$\begin{aligned} Ax^{(k)}=b^{(k)}, \quad k=1, \dots, r, \end{aligned}$$ \end{document}$$ in which the vectors $\documentclass[12pt]{minimal}
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                \begin{document}$x^{(k)}$\end{document}$ ($\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$k=1, \dots, r$\end{document}$) are joint sparse, i.e., the solution vectors share a common support and have nonzero entries concentrated at common locations.

For a given vector *x*, we define a vector function $$\documentclass[12pt]{minimal}
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                \begin{document} $$\begin{aligned} \min_{X \in\mathbb{R}^{n\times r}} \Vert X \Vert _{2,0}=\sum _{i=1}^{n} \Vert X_{\text{row } i} \Vert _{2,0} \quad\text{s.t. }AX=B, \end{aligned}$$ \end{document}$$ where $\documentclass[12pt]{minimal}
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                \begin{document}$X_{\text{row } i}$\end{document}$ is defined as the *i*th row of *X*.

In this paper, we define the support of *X* by $\documentclass[12pt]{minimal}
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                \begin{document}$l_{2,0}$\end{document}$-minimization problem.

It needs to be emphasized that we cannot regard the solution of multiple measurement vector (MMV) as a combination of several solutions of single measurement vectors, i.e., the solution matrix *X* to $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
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Example 1 {#FPar1}
---------

We consider an underdetermined system $\documentclass[12pt]{minimal}
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                \begin{document}$$A=\left ( \begin{matrix} 2 & 0 & 0 & 1 & 0 \\ 0 & 0.5 & 0 & 1 & 0 \\ 0 & 0 & 1 & 2 & -0.5 \\ 0 & 0 & 0 & -1 & 0.5 \end{matrix} \right )\quad \mbox{and}\quad B=\left ( \begin{matrix} 1 & 1 \\ 1 & 1 \\ 0 & 1 \\ 0 & 0 \end{matrix} \right ). $$\end{document}$$
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                \begin{document}$\Vert X \Vert _{2,0}=3 < \Vert X^{*} \Vert _{2,0}=4 $\end{document}$.

With this simple Example [1](#FPar1){ref-type="sec"}, we should be aware that the MMV problem wants a jointly sparse solution, not a solution which is just composed of sparse vectors. Therefore, the MMV problem is more complex than the SMV one and needs its own theoretical work. Be inspired by $\documentclass[12pt]{minimal}
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Related work {#Sec2}
------------

Many researchers have made a lot of contribution related to the existence, uniqueness, and other properties of $\documentclass[12pt]{minimal}
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On the other hand, numerous algorithms have been proposed and studied for $\documentclass[12pt]{minimal}
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                \begin{document}$l_{2,0}$\end{document}$-minimization (e.g., \[[@CR14], [@CR15]\]). Orthogonal matching pursuit (OMP) algorithms are extended to the MMV problem \[[@CR16]\], and convex optimization formulations with mixed norm extend to the corresponding SMV solution \[[@CR17]\]. Hyder \[[@CR15]\] provides us a robust algorithm for joint sparse recovery, which shows a clear improvement in both noiseless and noisy environments. Furthermore, there exists a lot of excellent work (see\[[@CR18]--[@CR22]\]) presenting us algorithms designed for $\documentclass[12pt]{minimal}
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In this paper, we focus on the equivalence relationship between $\documentclass[12pt]{minimal}
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In brief, this paper gives answers to two problems which urgently need to be solved:
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(II). We give such an analytic expression of such $\documentclass[12pt]{minimal}
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========================================================================================================

At the beginning of this section, we introduce a very important property of the measurement matrix *A*.

Definition 1 {#FPar2}
------------

(\[[@CR24]\])
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Definition 2 {#FPar3}
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The proof is divided into two steps.
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Proposition 2 {#FPar6}
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-----
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The proof is completed. □
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                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$X^{*}\in\mathbb {R}^{n\times r}$\end{document}$ and any $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$0< p< p^{*}(A,B,r)$\end{document}$, we have that $$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document} $$\begin{aligned} \bigl\Vert X^{*}+H \bigr\Vert _{2,p}^{p} =& \bigl\Vert \bigl(X^{*}+H\bigr)_{S^{*}} \bigr\Vert _{2,p}^{p}+ \Vert H_{S^{*C}} \Vert _{2,p}^{p} \\ \geq& \bigl\Vert X^{*} \bigr\Vert _{2,p}^{p}- \Vert H_{S^{*}} \Vert _{2,p}^{p}+ \Vert H_{S^{*C}} \Vert _{2,p}^{p}> \bigl\Vert X^{*} \bigr\Vert _{2,p}^{p}. \end{aligned}$$ \end{document}$$ The last inequality is the result from the inequality $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$h(p,A,r,k)<1$\end{document}$, the proof is completed. □

An analysis expression of such p {#Sec6}
================================

In Section [2](#Sec5){ref-type="sec"}, we have proved the fact that there exists a constant $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$p^{*}(A,B,r)$\end{document}$ such that both $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$l_{2,p}$\end{document}$-minimization and $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$l_{2,0}$\end{document}$-minimization have the same solution. However, it is also important to give such an analytic expression of $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$p^{*}(A,B,r)$\end{document}$. In Section [3](#Sec6){ref-type="sec"}, we focus on giving an analytic expression of an upper bound of $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$h(p,A,r,k)$\end{document}$, and we can get the equivalence relationship between $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$l_{2,p}$\end{document}$-minimization and $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$l_{2,0}$\end{document}$-minimization as long as $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$h(p,A,r,k)<1$\end{document}$ is satisfied. In order to reach our goal, we postpone our main theorems and begin with some lemmas.

Lemma 1 {#FPar10}
-------

*For any* $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$X\in\mathbb{R}^{n \times r}$\end{document}$ *and* $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$p\in(0,1]$\end{document}$, *we have that* $$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\Vert X \Vert _{2,p} \leq \Vert X \Vert _{2,0}^{\frac{1}{p}-\frac{1}{2}} \Vert X \Vert _{F}. $$\end{document}$$

Proof {#FPar11}
-----

For any $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$X \in\mathbb{R}^{n \times r}$\end{document}$, without loss of generality, we assume that $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$\Vert X_{\text{row } i} \Vert _{2} =0$\end{document}$ for $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$i \in\{ \Vert X \Vert _{2,0}+1,\ldots,n\}$\end{document}$.

According to Hölder's inequality, we can show that $$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document} $$\begin{aligned} \Vert X \Vert _{2,p}^{p}=\sum _{i=1}^{ \Vert X \Vert _{2,0}} \Vert X_{\text{row } i} \Vert _{2}^{p} \leq \Biggl(\sum_{i=1}^{ \Vert X \Vert _{2,0}} \bigl( \Vert X_{\text{row } i} \Vert _{2}^{p} \bigr)^{\frac{2}{p}} \Biggr)^{\frac {p}{2}} \Biggl(\sum _{i=1}^{ \Vert X \Vert _{2,0}} 1 \Biggr)^{1-\frac{p}{2}}= \Vert X \Vert _{2,0}^{1-\frac {p}{2}} \Vert X \Vert _{F}^{p}, \end{aligned}$$ \end{document}$$ that is, $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$\Vert X \Vert _{2,p} \leq \Vert X \Vert _{2,0}^{\frac{1}{p}-\frac{1}{2}} \Vert X \Vert _{F}$\end{document}$. □

Lemma 2 {#FPar12}
-------

(\[[@CR25]\])

*If* $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$0< p< q$\end{document}$ *and* $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$u_{1}\geq\cdots\geq u_{k}\geq u_{k+1}\geq\cdots\geq u_{s} \geq u_{s+1}\geq\cdots\geq u_{k+t}\geq0$\end{document}$, *it holds that* $$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document} $$\begin{aligned} \Biggl(\sum_{i=k+1}^{k+t}u_{i}^{q} \Biggr)^{\frac {1}{q}}\leq C_{p,q}(k,s,t) \Biggl(\sum _{i=1}^{s} u_{i}^{p} \Biggr)^{\frac{1}{p}} \end{aligned}$$ \end{document}$$ *with* $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$C_{p,q}(k,s,t)=\max \{\frac{t^{\frac {p}{q}}}{s}, (\frac{p}{q} )^{\frac{p}{q}} (1-\frac {p}{q} )^{1-\frac{p}{q}}k^{\frac{p}{q}-1} \}^{\frac{1}{p}}$\end{document}$.

Lemma 3 {#FPar13}
-------

*For* $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$p\in(0,1]$\end{document}$, *we have that* $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$(\frac{p}{2} )^{\frac{1}{2}} (\frac{1}{2-p} )^{\frac{1}{2}-\frac {1}{p}}\geq\frac{\sqrt{2}}{2}$\end{document}$.

Proof {#FPar14}
-----

We denote a function $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$f(p)$\end{document}$ on the interval $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$(0,1]$\end{document}$ $$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document} $$\begin{aligned} f(p)= \biggl(\frac{p}{2} \biggr)^{\frac{1}{2}} \biggl(\frac{1}{2-p} \biggr)^{\frac{1}{2}-\frac{1}{p}}, \end{aligned}$$ \end{document}$$ and we can get that $$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document} $$\begin{aligned} \ln f(p)=\frac{1}{2}\ln\frac{p}{2}- \biggl(\frac {1}{2}- \frac{1}{p} \biggr)\ln(2-p). \end{aligned}$$ \end{document}$$ It is easy to get that $$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document} $$\begin{aligned} h(p) =&\frac{f'(p)}{f(p)}=\frac{1}{2p}- \biggl(\frac {1}{p^{2}} \ln(2-p)- \biggl(\frac{1}{2}-\frac{1}{p} \biggr)\frac {1}{2-p} \biggr) \\ =&-\frac{1}{p^{2}}\ln(2-p)\leq0. \end{aligned}$$ \end{document}$$ Therefore, $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$f(p)$\end{document}$ is nondecreasing in $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$p \in(0,1]$\end{document}$, and we can get $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$f(p)\geq f(1)=\frac{\sqrt{2}}{2}$\end{document}$.

The proof is completed. □

Lemma 4 {#FPar15}
-------

*For any* $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$0< p\leq1$\end{document}$, *we have that* $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$(1-\frac{p}{2} )^{\frac {1}{p}-\frac{1}{2}}\leq (\frac{\sqrt{2}}{2}-e^{-\frac {1}{2}} )p+e^{-\frac{1}{2}}$\end{document}$.

Proof {#FPar16}
-----

We define a function $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$\varphi(p)$\end{document}$ on the interval $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$(0,1]$\end{document}$ by $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$\varphi (p)= (1-\frac{p}{2} )^{\frac{1}{p}-\frac{1}{2}}$\end{document}$, and it is easy to get that $$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document} $$\begin{aligned} \ln\varphi(p)= \biggl(\frac{1}{p}-\frac{1}{2} \biggr)\ln \biggl(1-\frac{p}{2} \biggr). \end{aligned}$$ \end{document}$$ Now, we take the derivative of both sides of inequality ([23](#Equ23){ref-type=""}) with respect to *p*, it is easy to get that $$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document} $$\begin{aligned} \frac{\varphi'(p)}{\varphi(p)} =&-\frac{1}{p^{2}}\ln \biggl(1-\frac{p}{2} \biggr)+ \biggl(\frac{1}{p}-\frac{1}{2} \biggr)\frac {-1}{2-p} \\ =&\frac{1}{p} \biggl(\frac{1}{p}\ln\frac{2}{2-p}- \frac {1}{2} \biggr) \\ =&\frac{1}{p} \biggl(\frac{1}{p}\ln \biggl(1+ \frac {p}{2-p} \biggr)-\frac{1}{2} \biggr) \\ \geq&\frac{1}{p} \biggl(\frac{1}{p} \biggl( \frac {p}{2-p}+\frac{p^{2}}{2(2-p)^{2}} \biggr)-\frac{1}{2} \biggr) \\ =& \frac{1}{p} \biggl(\frac{4-p}{2(2-p)^{2}}-\frac{1}{2} \biggr)>0. \end{aligned}$$ \end{document}$$ The fourth inequality is due to the fact that $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$\ln(1+x)\leq x-\frac {x^{2}}{2}$\end{document}$ for any $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$x\in(0,1]$\end{document}$. The last inequality is the result from a simple inequality $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$4-p-(2-p)^{2}=3p-p^{2}>0$\end{document}$.

Because $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$\lim_{p\rightarrow0} \varphi(p)=e^{-\frac{1}{2}}$\end{document}$ and $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$\varphi(1)=\frac{\sqrt{2}}{2}$\end{document}$, we can get that $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$\varphi(p)$\end{document}$ is an increasing function and $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$\varphi(p)\leq\frac{\sqrt{2}}{2}$\end{document}$ for $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$0< p\leq1$\end{document}$.

In fact, we have got the result $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$\varphi^{\prime}(p)= (\frac {1}{p^{2}}\ln (1+\frac{p}{2-p} )-\frac{1}{2p} )\cdot \varphi(p)$\end{document}$, and it is easy to get $$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document} $$\begin{aligned} \varphi^{\prime\prime}(p) =& \biggl( \biggl(\frac{-2}{p}+ \frac {1}{p^{2}} \biggr) \bigl(\ln2-\ln(2-p)\bigr)+\frac{1}{p^{2}(2-p)}+ \frac {1}{2p^{2}}-\frac{1}{2p} \biggr)\cdot\varphi(p) \\ =& \frac{1}{p}\cdot g(p) \cdot\varphi(p), \end{aligned}$$ \end{document}$$ where $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$g(p)=\frac{1}{p(2-p)}+\frac{1}{2p}- (\frac{2-p}{p^{2}}\ln (1+\frac{p}{2-p} )+\frac{1}{2} )$\end{document}$.

Due to the fact $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$\ln(1+x)\leq x-\frac{x^{2}}{2}+\frac{x^{3}}{3}$\end{document}$, we have that $$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document} $$\begin{aligned} \ln \biggl(1+\frac{p}{2-p} \biggr)+\frac{1}{2} \leq& \frac {p}{2-p}-\frac{p^{2}}{2(2-p)}+\frac{p^{3}}{3(2-p)}+\frac{1}{2}, \\ =& \frac{3p^{3}-p^{2}-p+24}{6p(2-p)^{2}}. \end{aligned}$$ \end{document}$$

Furthermore, it is easy to get that $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$\frac{1}{p(2-p)}+\frac {1}{2p}=\frac{24-18p+3p^{2}}{6p(2-p)^{2}}$\end{document}$ and $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$g(p)\geq0$\end{document}$ since $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$4>3p$\end{document}$.

Therefore, $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$\varphi(p)$\end{document}$ is an increasing convex function in $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$(0,1]$\end{document}$. Furthermore, it is easy to get that $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$\varphi(0)=e^{-\frac{1}{2}}$\end{document}$ and $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$\varphi(1)=\frac{\sqrt{2}}{2}$\end{document}$. By the property of the convex function, we can conclude that $$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document} $$\begin{aligned} \biggl(1-\frac{p}{2} \biggr)^{\frac{1}{p}-\frac{1}{2}}\leq \biggl( \frac{\sqrt{2}}{2}-e^{-\frac{1}{2}} \biggr)p+e^{-\frac{1}{2}}. \end{aligned}$$ \end{document}$$ □

Lemma 5 {#FPar17}
-------

*Given an underdetermined matrix* $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$A \in\mathbb{R}^{m \times n}$\end{document}$ *which satisfies RIP of order* 2*k*, *we have that* $$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document} $$\begin{aligned} \bigl\vert \langle AX_{1},AX_{2}\rangle \bigr\vert \leq \delta_{2k} \Vert X_{1} \Vert _{F} \Vert X_{2} \Vert _{F} \end{aligned}$$ \end{document}$$ *for any* *k*-*sparse matrices* $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$X_{1},X_{2} \in\mathbb{R}^{n \times r}$\end{document}$ *with* $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$\operatorname{support}(X_{1}) \cap\operatorname{support}(X_{2})= \varnothing$\end{document}$.

Proof {#FPar18}
-----

According to the definition of inner product of matrixes, it is easy to get that $$\documentclass[12pt]{minimal}
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Now, we present another main contribution in this paper.

Theorem 2 {#FPar19}
---------
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-----
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By the definition of M-NSC, we can conclude that $$\documentclass[12pt]{minimal}
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Theorem 3 {#FPar21}
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Proof {#FPar22}
-----
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The proof is completed. □

Now, we present one example to demonstrate the validation of our main contribution in this paper.

Example 2 {#FPar23}
---------
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Then we will verify the result in Theorem 3. It is easy to get that $\documentclass[12pt]{minimal}
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Numerical experiment {#Sec7}
====================
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Firstly, we look at the relations between sparsity and recovery success ratio. As shown in Figures [4](#Fig4){ref-type="fig"} and [5](#Fig5){ref-type="fig"}, the performance of $\documentclass[12pt]{minimal}
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Secondly, we look at the relations between the relative error (RE) and sparsity. We define the relative error by $$\documentclass[12pt]{minimal}
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                \begin{document} $$\begin{aligned} RE=\frac{ \Vert X^{*}-X_{sol} \Vert _{F}}{ \Vert X^{*} \Vert _{F}}. \end{aligned}$$ \end{document}$$ As shown in Figure [6](#Fig6){ref-type="fig"}, our result performs better than a larger choice. However, we need to emphasize the fact that our result may not be the optimal choice, only a little larger is permitted. In our experiments, the choice of $\documentclass[12pt]{minimal}
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Conclusion {#Sec8}
==========

In this paper we have studied the equivalence relationship between $\documentclass[12pt]{minimal}
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However, the analysis expression of such $\documentclass[12pt]{minimal}
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